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Abstract. The Wiener index is a graphical invariant and is the sum of distances between all
pairs vertices in a connected graph G. We define a generating function, which we call the
Wiener polynomial, whose derivative is a x-analog of the Wiener index. In this paper we
find formulae for the Wiener polynomial of linear phenylenes and of the corresponding
hexagonal squeeze. Also efficient formulae for calculating the Wiener index of mentioned
molecular graphs are given.
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1. Introduction

LetG be a simple connected graph with vertex set V and edge set E. The
distance between two vertices u and v of V is the length of the shortest path
between u and v and is denoted by d(u,v). The Wiener index of G is defined by

W(G)= 2d(uv).,
{uviev
On the numerous chemical applications of the Wiener index see the reviews
[3,4,6,7] and the references quoted therein; on its mathematical properties see the
reviews [1,2].
We wish to define and study a related generating function. If x is a parameter,
then the Wiener polynomial of G is
WG x) = T xIuv)
{uviev
It is easy to see that the derivative of W (G; x) is a x-analog of W(G), i.e.,
W'(G) =W (G).

The Wiener Polynomial is initially defined by Hosoya [5], and so termed in
honour of Harold Wiener who coined the earlier index. It is often called the
Hosoya Polynomial and appears in slightly different forms in the literature.

Let the set V ={v;,v,,...,v,} be vertices of G. Then by the definition the
Wiener polynomial we obtain
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W(G;x) = ZXd(u’v) = %Xd(vl'vi) + %xd(VZ'Vi) bt %Xd(anzvVi)

{u,vicVv i=2 i=3 i=n-1
-1
+Xd(Vn_l,Vn) :nz %Xd(vjlvi).
j=1 i=j+1

The set of distances the vertex v; of V with the other vertices of V we denote by
V\ . .
D, 1= {d(v;,v5),d(v1,V3),...,d (v, V). Also if S ={uj,Up,....un} is the

subsequent of V, then the set of distances the vertices of S with themselves denoted
S I S\u} ~S\uuo} S\{u,..., um_}}

by D3 —{Dul 1 D, 152 "”’Dum_ll U

Thus by the above notations the Wiener polynomial of G is given by

W(G;x) = D N(K)x* (1)

keDy
where N (k) is the number of k e D\\; .
Usingthis technigque, we compute the wiener polynomial of linear chain phenylens.

2. Results and discussion

Phenylenes are a class of chemical compounds in which the carbon atoms
form 6- and 4-membered cycles. Each 4-membered cycle (=square) is adjacent to
two disjoint 6-membered cycles (=hexagons), and no two hexagons are adjacent.
Their respective molecular graphs are also referred to as phenylenes. By
eliminating, “squeezing out,” the squares from a phenylene, a catacondensed
hexagonal system (which may be jammed) is obtained, called the hexagonal
squeeze of the respective phenylene [2]. Clearly, there is a one-to-one
correspondence between a phenylene (PH) and its hexagonal squeeze (HS). Both
possess the same number (h) of hexagons. In addition, a PH with n hexagons
possesses h — 1 squares. The number of vertices of PH and HS are 6h and 4h +2,
respectively; The number of edges of PH and HS are 8h —2 and 5h +1,
respectively.

Let we introduce some conceptions in a PH analogously in a hexagonal
system. The linear chain PH is a PH without kinks (see figure 1), where the kinks
are the branched or angularly connected hexagons. A segment of a PH is a
maximal linear chain in the PH, including the kinks and/or terminal hexagons at its
end. The number of hexagons in a segment S is called its length and is denoted by
I(S). For any segment S of a PH,2</4(S)<n.
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Figure 1. The linear phenylenes (PH) and its hexagonal squeezes (HS)

In this section, we will give efficient formulas for calculating the wiener
polynomials of linear phenylenes and of the corresponding hexagonal squeezes.
Theorem 1. The Wiener polynomial of linear phenylene L, (PH)with h hexagons
is

3h-4 3h—k 3 2
WL, (PH):X) = 3 (4k+2)x317K 1 (130 —10)x® + (12h —6)x? + (Bh—2)x.
K=0

Proof. The number of vertices of PH is 6h, which we show by V = {vl,vz,. . .,vsh},
see Fig 2. It is easy to see that

DY Vo Veka} _ 011223344, 3(h—k)-13(h—k)-13(h—k)},0<k <h-1

Vek+1

pYMva Vo2t _ . 223344 3(h—k)-13(h—k)-13(h—k)},0<k <h-1,

Vek+2

DY \Vuva-Vety _ 112 23344,...3(h—k)3(h—k)3(h—k)+11<k <h—1

Vek-1

DY Wava--Ve2t _ 1923344, . 3(h—k)+13(h—k)+13(h k) + 2}, 1<k <h,

Vek-2

DY \uva Ve . 993344, 3(h—k)3(h—k),3(h—K)+T}1<k <h-1,

Vek

DY \uvz-Vekst _ 31223344, 3(h—k)+13(h—k)+13(h—k)+ 2} 1<k <h,

Vek-3
and
DV \{Vl,. . '7V6h—1} — {1} .

Veh-1
Now by the formula (1), to calculate the Wiener polynomial of L, (PH), it is
enough to count N(1),N(2),...,N(3h), which we show them in following table.

Table 1. Value of N(k)

k 1 2 3 4 5 6 3h-1 3h

N(k) | 8h-2 | 12h-6 | 13h-10 | 12h-14 | 12h-18 | 12h-22 | ... 6 2
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Therefore
W (L, (PH);X) = (8h—2)x + (12h —6)x? + (13 —10)x> + (12h —14)x* +
(@2h —18)x5 +@2h— 22)x6 o+ 6xON L4 23N,
The proof is completed.
Similar tothe proof ofthe previous theorem, we havethe following result.
Theorem 2.Let Ly (PH) be linear chain phenylene and L, (HS) its hexagonal
squeeze, both having h Hexagons. Then

2h-3 2h+1-k 3 2
W(L,(HS);x)= > (4k+2)x +(9h—6)x~ +(8h—2)x“ + (Bh+1)x.
K=0

In following tables, we compute the Wiener polynomial of linear chain phenylens
and of the corresponding hexagonal squeezes for some h.

Table 2. Wiener polynomial of linear phenylene Ly, (PH) for some h.

h W (Lp (PH);x)

2x6 +6x5 +1Ox4 +16x3 +18x2 +14x

2x% +6x8 +10x” +14x8 +18x° +22x%4 +19x3 +30x2 + 22x

4 | 2x'? 16X +10x10 +14x° +18x% +22x7 +26X° +30x° +34x* +42x° + 42x% +30x

Table 3. Wiener polynomial of linear chain of HS for some h.

h W (L (HS);%)

2 2x° +6x% +12x% +14x° +11x

3 2x7 +6x8 +10x° +14x* + 21x3 + 22x? +16x

4 2x% +6x% +10x” +14x8 +18x° + 22x* +30x3 +30x? + 21x
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The derivative eof Wiener polynomial (computed at x = 1), wehave the following
result.

Theorem 3.Let L;,(PH) be linear phenylene and L;,(HS) its hexagonal squeeze,
both having h Hexagons. Then

W (Ly, (PH)) =18h° +9h?,
W (L, (HS)) :%(16h3 +36h2 +26h +3).

Table 3. The Wiener index of Ly,(PH)and Ly, (HS) for some h

h 1 2 3
W (L, (PH)) 180 567 1296
W (L, (HS)) 109 279 569

3. Conclusion

In this paper we have calculated the Wiener polynomial of the phenylenes and
its hexagonal squeezes only for linear chains. On the other hand, by using the
Wiener polynomial we give formulas for Wiener index of linear phenylenes. The
computation of Wiener polynomial for random phenylene chains can be done in
future studies.
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Fenilenin xatti zancirinin vo miivafiq altibucagh sixilmanin
Viner coxhadlisi

Rasul Mojarad, Cafor 9sadpur, Bohruz Danesian
XULASO

Viner indeksi qrafik invariantdir vo G olagali qrafin biitiin topslerinin ciitlori
arasindaki masafolerin comidir. Biz Viner polinomu adlandirdigimiz tdradici funksiyani
toyin edirik ki, bunun da téromosi Viner indeksinin X-analoqudur. Bu mogqalads biz xatti
fenilenlorin Viner ¢oxhadlisi ticlin diisturlar vo miivafiq altibucaqli sixilmanit miioyyon
etmisik. Bundan bagqa gostorilon molekulyar graflarin Viner indeksinin hesablanmasi {igiin
effektiv diisturlar verilmisdir.

Acar sozlar:Viner polinomu, xatti zoncir, fenilen, altibucaqli cixilma.

MHorou4/ieH Bunepa uHeiiHOMi Heno4Ky ¢eHnIeHa U COOTBETCTBYIONIEro
IIEeCTHYT0JbHOIO CKATHUS

Pacya Mo:xapan, J:xxadap Acaanyp, bexpys Jlanemnan
PE3IOME

Wupexkc Bunepa sBisercs rpa@uyeckuM WHBApUAHTHOM U CYMMOW PaCCTOSHUMA
MEXKIy BCEMH MapaMu BepiinH B cBs3HOM rpade G. Mbl ompejensieM HPOU3BOISIIYIO
(yHKIIMIO, KOTOPYIO MBI Ha3bIBaeM MOJMHOM BuHepa, mpou3Bo/iHAS KOTOPOU SIBISIETCS X-
aHajoroM uHjaekca Bunepa. B 3Toif cTatbe MbI HalieM GopMyIbl JUIs MOJIMHOMa BuHepa
JUHEHHBIX (DCHUICHOB M COOTBETCTBYIOIIEIO IECTHYTOJbHOrO Cxatusi. Kpome Toro,
npuBeZicHbl 3 dekTrBHbIC (HOPMYIBl IS pacdyeTra HHACKCa BuHHepa yKa3aHHbBIX
MOJICKYJISIPHBIX TPpadoB.
KawueBble caoBa: monumHOM BuHepa, InuHelHas — menoyka, (heHHIICH,
HIECTUYTOJIBHOE CIKATHE.
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